Abstract. Feng Luo and Richard Stong introduced the average edge order µ 0 (K) of a triangulation K and showed in particular that for closed 3-manifolds µ 0 (K) being less than 4.5 implies that K is on S 3 . In this paper, we establish similar results for 3-manifolds with non-empty boundary; in particular it is shown that µ 0 (K) being less than 4 implies that K is on the 3-ball.
Introduction
Let M be a compact, connected 3-manifold and K a triangulation of M (for the definition, see [2] ). Note that we distinguish a triangulation from a cell complex consisting of 3-simplices, that is, such a cell complex is a triangulation when the intersection of any two simplices is actually a face of each of them (Lemma 4.1). Suppose M is closed. Then the average edge order µ 0 (K) of K is defined to be 3F 0 (K)/E 0 (K), where E 0 (K) and F 0 (K) are the numbers of edges and faces in K, respectively. This is equal to the average of the orders of edges of K, where the order of an edge is the number of faces incident to that edge. Feng Luo and Richard Stong showed in [1] that for a closed 3-manifold M , the average edge order being small implies that the topology of M is fairly simple and restricts the triangulation K of M . In fact, they proved the following theorem. For a related study, see [4] . The author showed similar results for compact 3-manifolds with non-empty boundary in [3] , by employing µ(K) = 3F (K)/E(K), where E(K) (resp. F (K)) is the number of edges (resp. faces) in K. In particular, B 3 , D 2 × S 1 , and D 2× S 1 are characterized. And then, the referee and Professor S. Kojima kindly suggested to the author that the more natural generalization of the average edge order of closed manifolds to that of manifolds with boundary is to count simplices on the boundary with weight 1/2. Their suggestions are based upon the fact that the average edge order is a geometric interpretation of the curvature in terms of a global average.
According to them, we modify the definition of the average edge order as follows.
is the number of edges (resp. faces) in intK = K\∂K, and E ∂ (K) (resp. F ∂ (K)) is the number of edges (resp. faces) on ∂K. Then we define the average edge order µ 0 (K) of a triangulation K of a 3-manifold with boundary to be 3F 0 (K)/E 0 (K). This is the average of the "orders" of edges of K, where we modify the definition of the order of an edge e on ∂K as follows: The order of e is twice the number of triangles incident to that edge, where we count triangles on the boundary with weight 1/2. Note that this is equal to the order of the copy of e in the canonical double of K. Explicitly, let D(K) be the canonical double of K. Then D(K) is a cell decomposition of a closed manifold into a union of 3-simplices. Though it may not be a triangulation, we define the order of an edge of D(K) and the average edge order µ 0 (K) as in the beginning of this introduction. Then the order of an edge e of ∂K in K is equal to that of the copy of e in D(K), and we
By using this average edge order, we have the following theorem. 
Furthermore, in the last two cases, the triangulations can be described.
Proof of Theorem 1.2 (a) and (b)
The proof of Theorem 1.2 (a) is easy. Since each edge has order at least 2, we have µ 0 (K) ≥ 2. Since the upper bound in Theorem 1.1 (a) is valid for any cell complex of a closed 3-manifold consisting of 3-simplices, we have µ 0 (K) = µ 0 (D(K)) < 6. Finally, suppose µ 0 (K) = 2. If an edge e is in intK, then the order of e is at least 3 because K is a triangulation. Thus each edge of K is on ∂K and its order is 2. Hence we see K consists of only one 3-simplex. This completes the proof of Theorem 1.2 (a).
The proof of (b) is similar to that of Theorem 2 (b) in [3] , so we give only its outline. Let r = q/p be a rational number with 4 < r < 6, where p and q are relatively prime integers. We can see that there is a triangulation K of M such that K contains edges e 1 , e 2 , and e 3 which satisfy the following conditions:
(1) e 1 lies in ∂K and the order of e 1 is 2, (2) e 2 and e 3 lie in intK and the orders of them are α and α+1, respectively, for some integer α satisfying q/p < 6α/(α + 1), and (3) st(e i ) (1 ≤ i ≤ 3) have mutually disjoint interiors, where st(e) is the star neighborhood of e in K. Let K be the stellar subdivision of K obtained by adding 2l, m, and n vertices in the interior of e 1 , e 2 , and e 3 , respectively. Then
All that we still have to do is to check the following, which is left to the reader: there exist non-negative integers l, m, and n satisfying µ(K ) = q/p, that is,
To check this, note that F 0 (K) = 2T 0 (K) is even, where T 0 (K) is the number of tetrahedra of K.
The first step of the proof of Theorem 1.2 (c) and (d)
To prove (c) and (d) of Theorem 1.2, it is convenient to define
. We prove the following theorem. By this theorem, we have the first half of (c) and (d) of Theorem 1.2. By assuming it, we prove the latter half of Theorem 1.2 (c). Since we count simplices on the boundary with weight 1/2, we see that
< 0 for any positive integer k, and hence there are infinitely many triangulations K of B 3 with
This gives the bound of the number of edges in any triangulation K with µ 0 (K) < c, that is, E 0 (K) < 6/(4 − c). Therefore there are only finitely many such triangulations.
Preliminaries for the proof of Theorem 3.1
In this section, we prepare several lemmas. The following two lemmas were proved in [1] .
Lemma 4.1 (Lemma 1 in [1]). Let D be a cell decomposition of an n-manifold M into a union of simplices. Then D fails to be a triangulation if and only if there are two simplices of D with the same boundary.
We will perform an operation on a triangulation which will be called contraction of an edge of the triangulation. Explicitly, given an edge [xy] For the set of triangulations of compact 3-manifolds, we introduce the lexicographical order with respect to (b 1 (K), |∂K|, T 0 (K)), where b 1 (K) is the first Betti number of the polyhedron of K, |∂K| is the number of connected components of the polyhedron of ∂K, and T 0 (K) is the number of tetrahedra of K; that is, K < K if and only if one of the following holds;
(1)
In the proof of the theorem, we need to study Σ, an essential ∂∆ 3 in K. To remove it, we will produce two kinds of operations. The following lemma describes the effects of these operations on ξ(K). (2) Suppose Σ is not contained in ∂K. Let K be the cell complex obtained from K by cutting along Σ and gluing two tetrahedra along the images of Σ (see Figure 1) .
Proof. Lemma 4.1 shows that K is a triangulation in both cases. The equality in (1) follows from the equalities F 0 (K ) = F 0 (K) + 2 and E 0 (K ) = E 0 (K) + 3. (Recall that we count cells on the boundary with weight 1/2.) Since b 1 (K ) = b 1 (K) and |∂K | = |∂K| − 1, we have K < K. This completes the proof of (1).
To prove the equality in (2), we use the following notation. For a subspace X of K) ) is the number of edges (resp. faces) of X in intK and E ∂ (X, K) (resp. F ∂ (X, K)) is the number of edges (resp. faces) of X on ∂K.
is the 2-skeleton of K. Since we count simplices on the boundary with weight 1/2, we have For each simplex σ in Σ ∩ ∂K, there is a unique imageσ of σ in K such that σ ∈ ∂K . Conversely, each simplexσ in (Σ 1 ∪Σ 2 )∩∂K is the image of some simplex σ in ∂K. Hence we have
Since there is a 1 to 1 correspondence between the simplices of K (2) \ Σ and
and T 0 (K 0 ) < T 0 (K), and hence K < K. This completes the proof of (2).
The next lemma is obtained as a corollary of Theorem 3 in [1] . 
Lemma 4.4 (Theorem 3 in [1]). Let K be any triangulation of a closed connected
3-manifold M . Then (1) 3(F 0 (K) − 4)/(E 0 (K) − 6) ≥ 4
.5, and equality holds if and only if K is a triangulation of S
Proof.
(1) We see from Lemma 4.4 (1) that
Since K has more than one tetrahedron and K is closed,
Proof of the inequality part of Theorem 3.1
In this section, we prove the inequality part of Theorem 3.1, and we postpone the proof of the equality part until the next section. Suppose the inequality part of Theorem 3.1 does not hold, that is, there is a triangulation K of a compact connected 3-manifold M with non-empty boundary which satisfies one of the following conditions.
(1) ξ(K) < −6, (2) ξ(K) < 0 and M = B 3 .
Let Γ be the set of counterexamples of the inequalities in the theorem and K a minimal element of Γ in the lexicographical order with respect to the collection (b 1 (K), |∂K|, T 0 (K)). We shall prove the following claims. This contradicts the assumption K ∈ Γ. If K is not a triangulation of B 3 , K is not a triangulation of S 3 and we have ξ(K) = ξ(K ) + 6 > 6 by Lemma 4.5 (2), a contradiction.
Suppose Σ is not contained in ∂K. Let K be the cell complex obtained from (K, Σ) as in Lemma 4.3 (2), and let Σ 1 and Σ 2 be the subcomplexes of K as in the proof of Lemma 4.3. By Lemma 4.3 (2), ξ(K ) = ξ(K) − 12 < −12 and K < K. If K is connected, then ∂K = ∅ and hence K is an element of Γ. This contradicts the minimality of K. So K is disconnected. Let K i be the component of K containing Σ i for i = 1, 2. Then K i < K (i = 1, 2), ∂K 2 = ∅, and we have the following equality by Lemma 4.3 (2):
, and hence K 2 is an element of Γ, a contradiction. If K 1 is a triangulation of S 3 , then K 2 is a triangulation of the given manifold M . Since ξ(K 1 ) > −12 by Lemma 4.5, we get ξ(K) > ξ(K 2 ) by (5.1). So K 2 is an element of Γ, a contradiction. Proof of Lemma 5.5. Let [xy] be an edge of order 3 in K. Then K has the subcomplex C as illustrated in Figure 2 (a) . We can obtain another cell complex K of M by replacing C with C as illustrated in Figure 2 Figure 4 ).
Figure 4
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Figure 5 Then K is a triangulation which satisfies ∂K = ∅ and ξ(K ) = ξ(K) − 6. Since 
